In systems and control literature, underwater vehicles are studied extensively. The translational equations of motion coupled with rotational equations, which encompass the evolution of linear velocity vector in combination with angular velocity vector, describe the equation of motion of underwater vehicles. As a result of this, the underwater vehicle dynamics assumes the structure of a sixdimensional ordinary differential equation. Ocean current circulations influence stochastically the motion of underwater vehicles. In this paper, first we account the underwater vehicle-ocean current interaction in the stochastic framework that leads to a multi-dimensional Stochastic Differential Equation (SDE). Secondly, we accomplish the noise analysis of underwater vehicles using the Fokker-Planck technique. This paper will be of interest to mechanists, control theorists, naval scientists looking for research in autonomous systems under noise influence. Further research on stochastically perturbed underwater vehicles will refine existing results available in literature.
INTRODUCTION
Autonomous Underwater Vehicles (AUVs) have found wide applications in ocean observations, bathymetric surveys, and ocean floor analysis, military, fisheries applications, deep ocean modeling. The potential applications of autonomous underwater vehicles for scientific and naval purposes are well credited in Bovio et al. (2006) . The underwater vehicle is an appealing example of underactuated autonomous systems. The popular examples of underactuated autonomous systems are robotic manipulators, walking robots, wheeled robots, aircrafts, missiles, helicopters and underwater vehicles. Here, we restrict our discussions to current research activities in underwater vehicles. A control strategy for forcing the underwater state trajectories to track space trajectories is explained nicely in Alonge et al. (2001) . In their paper, the kinematic and dynamic controllers were the subject of investigation. After accounting the concept of observers in control systems, the concept of dynamic controllers arises. In Aguiar and Pascoal (2007) , control of autonomous underwater vehicles was the subject of investigation in which two controllers were designed successfully: (i) non-linear dynamic controller (ii) adaptive non-linear controller design approaches. The Lyapunov method was adopted to design control laws. In their paper, the vehicle-ocean current interaction was accounted deterministically in lieu of stochastically. David Mumford argues striking influence of 'stochastiicity' on the general theory of dynamical systems, see a famous paper of Mumford (2000) . He recommends that stochastic methods will change the shape of modern research. Aguiar and Hespanha (2003) published an interesting paper, which is about control of underactuated vehicles. Most notably, they described control of underwater vehicles with noise influence as an open problem that warrants further research, see Hespanha (2003, p. 1993) . Despite recommendations on 'noise analysis' of underwater vehicles, literature on 'noise-influenced underwater vehicles' is relatively very scarce. The noise equations of the underwater vehicle involve the multi-dimensional state vector as well as construction of the stochastic differential in lieu of the ordinary differential. This seems to be one of the reasons that why stability, estimation and control of underwater vehicles with noise processes are not available in literature in a greater detail. Much is left to be done. The intent of this paper is to develop and analyse underwater vehicle dynamics using a formal stochastic interpretation. The ocean current circulations introduce random perturbations into the vehicle dynamics in lieu of the deterministic. For this reason, it is realistic to develop randomly perturbed vehicle dynamics. Subsequently, the Fokker-Planck approach, a celebrated stochastic method, is utilized to accomplish the noise analysis of the stochastic problem considered here. In contrast to Aguiar and Pascoal (2007) , this paper accounts heave, pitch and roll motions as well as the stochastic character of the ocean current circulations.
AN AUTONOUMOUS UNDERWATER VEHICLE 'SDE'
The dynamical equations of underwater vehicles are derived in the body-fixed frame. The dimension of the state vector, which describes the underwater dynamics, is six. A schematic diagram of autonomous underwater vehicles is given in figure (1).
Figure 1: An autonomous underwater vehicle
Making the use of general theory of mechanics and vector calculus, we derive the underwater vehicle dynamics. A greater detail about the noise-free underwater vehicle dynamics is nicely explained in a famous book authored by Fossen (1994) . The deterministic structure of the underwater vehicle system is the following: ,
where the term m denotes the mass of the body, the vector
is the linear velocity vector of the vehicle in the rotating body-fixed frame. The vector
is the angular velocity vector of the co-ordinates of the vehicle. The vector
denotes the external forces acting on the vehicle. On the other hand, the vector
has interpretation as the vector moment about the co-ordinates of the vehicle. In order to arrive at equation (1), we consider the velocity of underwater vehicle is relatively less as well as the centre of gravity of the vehicle coincides with the origin of the body-fixed frame.
One can arrive at the vehicle dynamics stated in equation (1) using the theory of Lagrangian mechanics and dynamical systems as well. Since the procedure the lengthy, the details are omitted. The random underwater perturbation is chiefly attributed to ocean current circulations. The atmospheric wind system, heat exchange at sea surface coupled with salinity changes, the Co-riolis force, tidal components arising from planetary interactions contribute to the stochastic character of the ocean current circulations. Because of these factors, it becomes more realistic to consider the AUV dynamics in the stochastic framework in lieu of the deterministic. The deterministic AUV model is available in celebrated books and seminal papers, e.g. Aguiar and Pascoal (2007) and Fossen (1994) . After accounting the stochastic correction terms in the external forces and the moment of external forces in the white noise setting, we arrive at the underwater vehicle SDE. Replace the terms
of equation (1) with the terms
The standard approach in the theory of SDEs is to account stochastic correction terms in the ODEs using the concept of the first-order stochastic perturbation-theoretic approach. The term , ( ), 1 ( ) ( Note that a theoretical interpretation of the white noise process is the Itô setting. In the Itô setting, the term dt w dB t t = is the subject of investigation (Kuo 2005) . The above set of scalar stochastic differential equations can be further recast as the following vector Itô stochastic differential equation. Thus, equation (2) 
For a brevity of presentations, we adopt more familiar notations of SDEs, i.e. 
More importantly, the vector
denotes the random contribution of ocean current circulations to the translation motion of co-ordinates of underwater vehicles. Furthermore, the vector
denotes the random contribution of ocean current circulations to the rotational motion of the co-ordinates of underwater vehicles. More importantly, equation (3) describes a vehicle non-linear Itô SDE, the cornerstone formalism of this paper, that can be treated as an advanced and refined system of dynamical equations of the vehicle in contrast to the vehicle dynamics available in literature. Since equation (3) accounts nonlinearity and stochasticity, this suggests ability of equation (3) to account a greater qualitative characteristics of underwater vehicle dynamics. On the other hand, vehicle dynamical equations available in literature ignore stochastic considerations. The estimation theory, stability and control of vehicle by exploiting the vehicle Itô SDE stated in equation (3) would be more stringent in lieu of the vehicle deterministic dynamics. A schematic diagram of the vehicle stochastic dynamics can be constructed from the systemtheoretic viewpoint. The Fokker-Planck equation is about the evolution of conditional probability density for given states for Markov processes. The Fokker-Planck equation has found striking applications for the noise analysis of stochastic differential systems. The usefulness of the Fokker-Planck equation in systems and control literature can be found in the seminal papers, e.g. Bierbaum et al. (2002) , Risken (1984) , and Sharma (2008) . In this regard, Sharma and Parthasarathy (2007) , Chow and Zhou (2007) will be also useful. Making the use of the Kolmogorov-Fokker-Planck equation for Markov processes (Karatzas and Shreve 1988) , the equation for the randomly perturbed autonomous system of the paper is dt p t bb p t a dp where the term p denotes the conditional probability density The stochastic autonomous system of this paper accounts linear terms, square non-linearity terms and higher-order nonlinearity terms vanish. Suppose the vector system nonlinearity ( ) 
. Note that equation (5) denotes equations (5a)-(5b). More precisely, the notation ' ' denotes the action of the conditional expectation operator E on random variables. For deterministic initial states, the operator E becomes the expectation in lieu of the conditional expectation. The system of equations stated in equation (5) is the approximate for the estimation of the exact Itô SDE. However, the system of equations has ability to account linear terms and square non-linearity terms completely. Thus, the above system of equations becomes the exact estimation equations for vehicle SDEs that encompass linear and square non-linearity terms only. Notably, the above system of equations has found applications as well as demonstrated its effectiveness for the noise analysis of appealing cases arising from mechanics and dynamical systems, eg. Sharma and Parthasarathy (2007) . After combining equations (3) and (5), we get the following set of coupled conditional moment evolution equations for the stochastic problem of concern here:
For the stochastic autonomous system of this paper, (6b) Equations (6a) and (6b) in combination with equations (7)- (8) are the estimation results of the paper, which are not available in literature, that can be utilized for the underwater vehicle state trajectory estimation.
NUMERICAL SIMULATIONS
Here, we simulate the underwater vehicle dynamics accounting the underwater vehicle-ocean current interaction in the stochastic framework. Equations (1) and (3) of this paper are the subject of numerical experimentations. Two different sets of initial conditions, stochastic autonomous system parameters as well as noise perturbations are exploited to accomplish numerical experimentations. Since the paper formalizes the underwater vehicle dynamics in stochastic differential equation framework, the numerical simulations of the propagated state estimations, equation (6), are accomplished as well. Under Gaussian assumptions, the mean and variance propagations will suffice to accomplish the noise analysis of the dynamical system considered here. After considering the Gaussianity, the even and odd powers of moments of the system state can be expressed in terms of first-and second-order moments.
For the brevity of presentations, we demonstrate the variance trajectories in the tabular form, tables (1)-(3), in lieu of graphical interpretations. In this section, first we demonstrate the random system state trajectories and subsequently, the propagated estimated state trajectories. The first set of data is the following (Singh et al. 2009 , Smith 2008 The first set of diffusion parameters, equation (9), denotes 'lower' intensity of noise influence that corresponds to the dash-dash line (--) trajectories of the states. On the other hand, the second set of diffusion parameters, equation (10) (9)-(10). Tables (2) and (3) P with the first set of diffusion parameters of equation (9) 11 P with the second set of diffusion parameters of equation (10) P with the first set of diffusion parameters of equation (9) 22 P with the second set of diffusion parameters of equation (10) 
A STOCHASTIC METHODS FOR UNDERWATER VEHICLE DYNAMICS
In this paper, we develop the vehicle dynamics under stochastic influence using a formal stochastic setting, i.e. the Itô setting. The Itô setting is a standard and celebrated stochastic method in the theory of non-linear stochastic control. The noise analysis of this paper, formalized and stated in equations (6a)-(6b), is useful for valueless observations. The notion of valueless observations arises when observations are completely masked by noise. After accounting observations in the noise analysis of dynamical systems, estimation equations become filtering equations. This paper attempts the first part, noise analysis of dynamical systems with value-less observations. Under the value-less observations situation, the noise analysis is formalized as the prediction problem. The second part, noise analysis of vehicle dynamics accounting observations, warrants further research. That can be accomplished by considering the sensor noise in the observation equation.
CONCLUSION
The main contribution of this paper is to develop the stochastically influenced underwater vehicle dynamics using the Itô SDE, see equation (3) of the paper. Notably, the vehicle Itô SDE accounts stochastic correction terms attributed to the ocean current circulations. Another contribution of this paper is to accomplish the noise analysis of the stochastically influenced underwater vehicle. Equations (6a)-(6b) will be remarkably useful for estimation theory of underwater vehicles for the case in which 'observations are valueless'. This paper has demonstrated first time the application of the Itô theory to underwater vehicle dynamics. This paper will have influence on further research, since the Itô stochastic description of the underwater vehicle dynamics was the subject of investigation. This paper will be of interest to naval dynamists aspiring for systems and control methods in stochastic framework for The Kolmogorov backward operator has found its applications in 'estimation theory' and 'stability' of Itô SDEs. Making the use of equation (4) in combination with equation (A.1), we arrive at the Kolmogorov backward operator for the stochastic underwater vehicle, i.e
